A finite volume Large Eddy Simulation-Conditional Moment Closure (LES-CMC) numerical framework for premixed combustion developed in a previous study [Farrace et al., Proc. Combust. Inst. 36 (2017) 
Introduction
Lean premixed combustion has the potential to achieve the emission limits dictated by stringent legislations, making this strategy desirable for many practical applications [1] , e.g. gas turbines or lean burn gas engines. However, while lean mixtures ensure low emission levels, they are susceptible to low Damköhler number phenomena such as local or global extinction [1] [2] [3] . The stabilization and blow-off mechanisms of such flames are dictated by complex multi-scale interactions between turbulence and chemical kinetics that influence the flame inner structure depending on the aerothermo-chemical properties of the flow. A comprehensive understanding of these interactions is therefore of supreme importance to define the operability map as well as the emissions of the burner. In this context, numerous experiments 3 have been conducted to investigate the influence of turbulence on the flame structure. In [4] [5] [6] , Gülder and colleagues structure. In [8] [9] [10] [11] , simultaneous multi-scalar imaging combined with Rayleigh scattering thermometry provided a measure for the flame preheat (CH2O), reaction (HCO, CH) and oxidation (OH) zone of methane-air flames in the thin and distributed reaction zone regimes. Most of these experimental studies have not focused in detail on non-unity Lewis number flames, however multi-scalar measurements of major species performed in [12] revealed that atomic mass fractions across a bluff body stabilised lean methane-air flame were affected by preferential transport. This suggests that this phenomenon may be important to study in the context of flames stabilised by recirculation zones.
Supporting experimental investigations, Large Eddy Simulation (LES) coupled with state-of-the-art combustion models
has emerged as a promising numerical framework [13] to accurately compute non-measurable quantities at practical computational costs. However, the strong interaction among turbulence, chemical reaction and diffusion poses a notable challenge for combustion modelling [14, 15] : firstly, the highly non-linear temperature dependence of the reaction rate leads to significant errors when averaged temperatures are considered [16] and secondly, species preferential transport has been observed to be non-negligible, especially at lower turbulent Reynolds numbers [17] .
The non-linearity problem is well addressed by both flamelet-and probability-based approaches by decoupling complex chemistry and molecular transport from the turbulent flow field [18] . Flamelet-based methods are typically divided in unstrained flamelets [19] [20] [21] [22] [23] [24] [25] where the laminar flamelet is assumed to be thinner than all the turbulent structures and in strained flamelets [26] [27] [28] [29] [30] [31] where the contribution of turbulent eddies and hydrodynamic strain is usually included in the formulation of the mean reaction rate. Stochastic methods include the transported probability density function (TPDF) [32] [33] [34] where the term related to chemical reaction appears in closed form as convection in scalar space and conditional moment closure (CMC) where chemistry is usually closed at first order exploiting the strong correlation with the conditioning variable [35] . Although CMC has been extensively applied to non-premixed combustion [36, 37] , only few studies for premixed flames exist and mainly limited to either the RANS context [16, 38] or a priori DNS analysis [39] .
Recently, a finite volume LES-CMC formulation has been developed and validated for premixed bluff body flames close to blow-off using closures associated with subgrid scale combustion, turbulence and molecular diffusion processes of premixed flames without considering differential diffusion effects [40] .
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However, studies on differential transport increased enormously only in the last decade, reflecting the interests in the development of burners capable of stably burning lean hydrogen mixtures [41] . Several DNS studies with detailed chemistry contributed to a better understanding of the cellular burning behaviour of lean hydrogen flames [42] [43] [44] [45] . The observed influence of differential transport on the burning velocity encouraged the extension of such studies over a wide range of more realistic Karlovitz numbers and to heavier fuels including methane [46] [47] [48] , propane [46] and heptane [49, 50] . In general, differential diffusion has been noted to affect species mass fractions by different amounts, depending on the species Lewis numbers [47] . Nevertheless, the overall influence on the flame burning velocity is better described using a mixture effective Lewis number, e.g. as proposed in [51] , where a weighted average of the Lewis numbers of the two reactants is proposed based on asymptotic theory of premixed flames. Moreover, turbulence has been observed to attenuate the contribution of differential diffusion [47] , necessitating the introduction of a species effective Lewis number (not to be confused with mixture effective Lewis number), Le i,eff = a + D turb
, that tends to unity as the turbulence intensity increases [52] .
The description of these complex mechanisms in state-of-the-art combustion models such as CMC is not straightforward, though numerous successful works have been already realized in the context of non-premixed combustion using TPDF [53] , flamelets [54] [55] [56] and CMC [57] [58] [59] . Exploiting this knowledge, several methodologies to account for differential diffusion have been extended also to premixed combustion: in [60] , a composition-space solution has been derived accounting for a differential diffusion drift between chemical species and composition-space coordinates and good agreement with the physical-space reference solution is reported. A different approach has been adopted in [61] , where a two-equation model (progress variable and mixture fraction) is formulated to treat the local equivalence ratio variation across the flame due to non-unity species Lewis numbers. For TPDF, an approach that considers differential diffusion is proposed for pairwise-exchange mixing models and improvements with regards to the unity Lewis number formulation have been observed by comparison with DNS data of turbulent premixed methane-air flames [62] . In the context of RANS-CMC, differential transport is described in the CMC transport equation by an additional term proportional to the conditional diffusion [16, 38] , where the conditional diffusion is related to the conditional dissipation and the pdf of the progress variable, as derived in [35] .
The primary scope of this work is to extend the LES-CMC model first developed in [40] to account for preferential transport using a simple and robust formulation that allows for efficient simulations of close to real-life engines and gasturbines. In order to assess the predictive capability of the model, results computed with the non-unity Lewis number spatially-homogeneous CMC are compared to physical-space fully-resolved reference solutions. The effects of differential diffusion, turbulence and local flame curvature on the flame structure are further evaluated within the CMC 5 context. Finally, LES-CMC results with and without differential diffusion are qualitatively discussed through simulations of a turbulent premixed methane-air bluff body flame exhibiting local extinction behaviour.
Modelling

Unstructured LES-CMC for premixed flames
The CMC methodology is based on the hypothesis that fluctuations of species and temperature are correlated to fluctuations of a representative variable [35] , i.e. mixture fraction for non-premixed or progress variable for premixed combustion. While for single-phase flows mixture fraction is a conserved scalar, progress variable is reactive and its transport equation, Eq. (1), contains an additional source term
The progress variable is often defined based on fuel mass fraction, temperature or sensible enthalpy [63] . Here, due to the lean mixtures considered, it is defined using oxygen mass fraction as c = (
, where the superscripts denote unburnt and burnt states. The reaction rate of Eq. (1), , is closed at first order using a detailed combustion mechanism discussed below.
The finite volume formulation of LES-CMC for non-premixed flames has been developed by [37, 64] . Here, the finite volume form of the CMC equation for premixed combustion firstly presented in [40] is considered as (2) where is the filtered conditional mass fraction and z is the sample space variable for c. [39] .
The conditional velocity is assumed equal to the unconditional value , following successful application to nonpremixed combustion [66] . In premixed configurations it may be justifiable for well-resolved low Damköhler number flames and it has recently been adopted in [40] , however its applicability is yet to be validated. The conditional scalar dissipation rate is modelled according to [67] as , where f (z ) is the functional dependence on the conditioning variable estimated a priori using laminar flames simulated by PREMIX [68] . This is justified by the weak dependence of f (z ) on strain rate, especially in the reactive-diffusive layer of the flame [67] , and on measurements in low swirl flows [69] . The unconditional scalar dissipation rate, , is evaluated at the LES resolution as , where is the SGS contribution addressed later. Species reaction rates are closed at first order , following [35] . The filtered conditional averages evaluated at the coarse CMC grid are integrated in each time step on the fine LES grid using a filtered probability density function (FDF), , presumed as a β-function distribution, as proposed in [70] . This choice is motivated by its ability to provide qualitatively reasonable mono-modal and bimodal pdf shapes at small and large variance values maintaining low computational effort, and by the good predictions reported in previous studies [38, [71] [72] [73] [74] [75] [76] . In [76] , its capability to recover the real pdf for a wide enough range of normalized variances is demonstrated. The FDF is calculated at the LES resolution using the filtered progress variable (Eq. (1)) and the SGS variance . In contrast to non-premixed modelling where the SGS variance is often approximated by algebraic closure [37, 64] , here it is obtained using its transport equation [23] , as previously done in [40] ,
because of its close association with the SGS combustion, turbulence and molecular diffusion processes. Algebraic models [23] based on linear relaxation hypothesis using SGS turbulence time scale can not be used for premixed combustion [31] and thus the algebraic closure for SGS scalar dissipation rate in [77] is used: ) and
The remaining model parameters are
where the normalized heat release is
is set to 2.4 following the analysis conducted in [77] ; a dynamic evaluation is not attempted here due to the limited influence reported in [72] . Equation (4) includes the effects of dilatation and strain rate as well as the contributions of chemical reaction and molecular dissipation to the scalar dissipation transport [77] . It is crucial to mention that these parameters are not arbitrary but derived from thermo-physical processes in hydrocarbon/air flames, meaning that the formulated CMC model lacks any tuning constant. The presented model has been successfully validated in [40] by means of measurements of [78, 79] for lean bluff body CH4-air flames at conditions far from and close to blow-off, respectively.
Differential diffusion formulation
In this section, a simplified extension of spatially-homogeneous CMC that accounts for differential diffusion is presented.
The physical space species transport equation assuming non-unity constant Lewis numbers
Le i is recalled here for completeness as (5) where a represents the thermal diffusivity and the instantaneous reaction rate of the i-species. Note that the correction velocity term accounting for gradients in the mixture molecular weight has not been included in the present 8 formulation due to its negligible contribution, especially for lean mixtures [60] . Using Eq. (5) together with the instantaneous progress variable transport equation (6) and exploiting the differential operators, the spatially-homogenous CMC governing equation is recovered in its conservative form as (7) where the term D z = Ñ × rD c Ñc ( ) represents the conditional diffusion of c. Note that in progress variable space, differential diffusion is accounted for with a convective term, so that
Assuming rD c to be constant, the conditional diffusion of c may be split into one term accounting for diffusion normal to the progress variable iso-surface and the other that is proportional to curvature, as previously done for both premixed [80] and non-premixed [56, 81, 82] flames, as
with n = -Ñc Ñc defining the normal vector of the progress variable iso-surface, pointing towards the unburnt mixture.
The first term on the right hand side of Eq. (8) can be elaborated using the physical space derivative Ñ· = ¶· ¶c Ñc (9) and the instantaneous scalar dissipation rate
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In addition, defining the local curvature as k = Ñ×n, the second term of Eq. (8) reduces to
Finally, the conditional diffusion of c can be modelled as
In the limit of unity Lewis number, the differential diffusion convective term of Eq. (7) disappears and the unity Lewis number formulation (Eq. (2)) is recovered. Consequently, any curvature effect vanishes as well.
The proposed methodology derives from flamelet theory [56] and does not involve any derivative of the PDF that gives rise to numerical instabilities. While it is less rigorous than other approaches where the conditional diffusion of the progress variable is directly linked to the PDF first derivative [35] , it represents a robust model able to provide a reasonable approximation of the involved processes, as shown in the next section.
Results
Spatially-homogeneous planar CMC
The effect of differential diffusion on the flame structure is evaluated and discussed in the following for both laminar and turbulent-like (as it will be addressed later) cases. In this regard, spatially-homogenous laminar unstretched (curvature is expressly set to zero) CMC simulations are conducted for both unity Lewis number and full transport formulations and compared with calculations performed using the PREMIX library [68] from the CHEMKIN package [83] . The latter solves the steady-state mass, species and energy conservation equations for a freely propagating adiabatic planar flame using a Newton-iteration technique. Sufficient grid points (in the order of 1500) were employed to ensure a converged solution and the methane oxidation chemistry is described by the GRI-Mech 3.0 [84] mechanism.
The premixed CH4-air mixture is considered at ambient conditions ( T u = 298 K and p = 1 bar) and has the same thermochemical properties of the flame A4 investigated experimentally in [78] : the equivalence ratio is f = 0. dropped; for the latter, the molecular diffusivity of each species has been imposed equal to the mixture thermal diffusivity.
One can observe that CMC recovers very well the PREMIX solution for the species mass fractions shown. species with low Lewis numbers (e.g. H2), preferential transport enhances diffusion from the higher towards the lower values of the progress variable. This is partly explained by the evolution of the conditional diffusion exhibited in Fig. 2 (right), showing an inflection point around c = 0.7. For species with Lewis numbers well above unity (e.g. CH2CO) a weak opposite trend can be observed. Note that all species tend to reach a new equilibrium when diffusing across the conditioning variable coordinate, so that chemical effects are influencing the final solution and cannot be decoupled.
The flame propagation in physical space in flamelet-based approaches is generally described by equations Eq. (1) and Eq.
(3), therefore it is closely related to the progress variable reaction rate, rather than to species distributions. Fig. 2 (left) shows the progress variable reaction rate for the unity Lewis number solution (blue) and full transport calculation (red)
for both CMC (dashed) and PREMIX (solid) calculations. The effect of the differential transport is significant and well captured by CMC: when the full transport is considered, the reaction rate becomes wider covering a larger portion of the flame preheat layer and its peak reduces. In order to assess the relative importance of the terms constituting the spatially-homogeneous CMC governing equation, a budget analysis is shown in Fig. 3 for three selected species (CH4, CH2O, H2) and temperature. For this purpose, Eq. (7) is recalled here for readability and split up in its source/sink terms as (13) 12 where the unsteady term is observed to be zero for all variables due to steady convergence as observed in Fig. 3 (black line with cross markers), supporting the neglecting of the correction velocity term in Eq. (5). The reaction rate (dash-dot red line) is expectedly a dominant term for all species and temperature. On the other hand, convection in sample space (solid black line) is proportional to the conditioning variable reaction rate (in this case oxygen) and the species first derivative, therefore remaining usually positive for species and non-negligible. The micromixing within the flame front is described by the molecular diffusion term (dashed blue line), proportional to the scalar dissipation rate, which is in the same order of magnitude as the chemical term. The differential diffusion term is proportional to the conditional diffusion of c, D z , the species first derivative and an algebraic expression including the species Lewis number that determines its magnitude. As previously mentioned, when the species Lewis number tends to unity (as for CH4) this term becomes zero and the unity Lewis number CMC formulation is recovered. On the contrary, when the species Lewis number largely deviates from unity (as for H2), differential diffusion starts dominating the 13 molecular transport. Therefore, it becomes apparent that for species with Lewis numbers far from unity an accurate 
and accordingly Fig. 4 . It is worth mentioning that in this approach the turbulent diffusivity is assumed to remain constant through the flame front, whereas in reality it is expected to vary due to flow laminarisation. Nevertheless, this numerical experiment allows a preliminary insight into the importance of the differential diffusion effect on the flame structure at different prescribed turbulence intensities. broadening -as also observed in [7, 85] -that reduces the conditional diffusion absolute value (as shown in Fig. 2 , dotted lines) and accordingly the differential diffusion contribution. It is worth mentioning that the differential diffusion model contains the scalar dissipation rate, therefore turbulence effects described through the scalar dissipation rate are consistently considered in Eq. (12). 
Spatially-homogeneous CMC with curvature effects
In the previous section, the CMC formulation has been carefully validated by means of fully-resolved planar unstretched 
Assuming a Zel'dovich number b of about 6 for CH4-air [87] and H2-air, the effective Lewis numbers are estimated as 0.99 and 0.33, respectively, implying that the H2-air flame is prone to show a burning velocity (and therefore progress variable reaction rate) dependence on flame curvature, as also confirmed in [61] . These findings are also consistent with [87] where for a CH4-air mixture of comparable thermo-physical properties, a relatively small influence of flame stretch on the local burning rate is reported.
Summarising, the effect of flame stretch on the conditional progress variable reaction rate, and thereby on the resulting flame propagation, is evaluated for two flames of significantly different effective Lewis numbers: the investigated cases suggest that the term of Eq. (12) proportional to curvature can be neglected in the case of mixtures with effective Lewis numbers close to unity.
LES-CMC of a bluff body stabilised flame
In the previous section, the differential diffusion formulation for CMC has been quantitatively validated by means of well-resolved PREMIX simulations for laminar flames. Moreover, an analysis mimicking the turbulence effect on the flame structure suggested that at high turbulent Reynolds numbers turbulent transport overcomes the molecular one, so that differential diffusion may become negligible. The validity of this hypothesis will be assessed in the following, where 3-dimensional LES-CMC simulations are conducted for both the non-unity and the unity Lewis number formulations and qualitatively compared with experimental data. Consistent with previous findings, curvature effects are neglected.
Problem setup and numerical details
The flame considered is the lean turbulent premixed bluff body flame investigated experimentally in [78, 79] and numerically in [40] . The LES computational domain is shown in Fig. 6 and consists of a cylindrical shape with a diameter of 140 mm and a length of 250 mm comprising a total of 1.8 million hexahedral cells aligned in an O-ring topology. Note that the number of elements has been decreased by a factor of 2 compared to the previous work [40] , for reasons that will be discussed in the next section. The minimum grid size is 0.6 mm and includes most of the region above the bluff body, where the flame is expected; bias functions are used to ensure a smooth grid increase towards the boundaries. The base side of the domain is set as inlet with a top-hat velocity profile and zero-gradient pressure for both premixed charge and air co-flow. No synthetic turbulence treatment is adopted since all the turbulent kinetic energy is expected to stem from the shear layer.
Non-reflecting pressure (atmospheric) outlets are prescribed elsewhere and zero-gradients for other variables. The finite volume CMC formulation exploits the weaker dependence of conditional averages compared to unconditional counterparts by employing a coarser, unstructured CMC mesh, comprising 1600 polyhedral elements concentrated in the flame region above the bluff body (50x50x80 mm). This refinement is expected to capture the influence of the local scalar dissipation rate on the conditional averages. Progress variable sample space is discretized with 96 uniformly distributed points. Clustering of points in the vicinity of the burnt state as employed in [40] was found to be unnecessary, due to the relatively smooth profiles in conditional space. Using an equidistant grid in sample space further avoids numerical instability when differential diffusion is considered. The CMC solver is initialized with the conditional averages calculated a priori using PREMIX [68] , representing a laminar freely propagating flame. A full operator-splitting technique is adopted to separately integrate physical space transport, molecular mixing, and reactive terms. For the latter, a load balance approach based on progress variable is implemented to further reduce computational effort [64] . A first order explicit Euler time scheme is employed in CMC to integrate convection and turbulent flux, while the more robust VODPK solver with stiff settings (internal sub-step, up to third order accuracy) [88] is adopted to treat diffusion in progress variable space and chemistry. The GRI-3 reduced version mechanism developed in [89] is employed, consisting in 19 species and 15 lumped steps. The interfacing of LES-CMC occurs at each iteration so that OpenFOAM provides , , , and and after the CMC step the updated species mass fractions are returned to the flow field solver. Under the assumption that the flame brush never interacts with the entrainment air, the effective species mass fractions are corrected as , where Y i,air represents the boundary condition of the i-species at the air co-flow inlet.
The mixing state is computed with an additional transport equation, where represents the prescribed composition of the inlet jet and indicates the ambient air. Filtered temperature is estimated at the CFD resolution after solving the chemico-thermal enthalpy conservation equation.
Cold flow
In this study, a sensitivity analysis on the non-reacting flow has been conducted with the scope of identifying the coarsest possible grid able to capture the complex flow field above the bluff body, not only to reduce computational effort, but rather to enhance as much as possible the impact of the combustion model on the final solution. Mean axial (left) and radial (middle) velocity as well as mean turbulent kinetic energy (right) are quantitatively compared with experimental data in Fig. 7 for a 0.9 (dash-dot green line), 1.8 (solid red line) and 3.6 (dashed blue line) million of elements grid. The computed instantaneous quantities have been time-averaged at time-stepping frequency over 6 flowthrough times starting from a fully developed solution to ensure statistically converged results, following the same procedure adopted in [40] . All the considered computational grids capture the mean axial and radial velocities reasonably well, without manifesting any remarkable improvement with respect to the grid size. The larger discrepancies observed in both mean radial velocity and turbulent kinetic energy are attributed to the turbulence model, as also discussed in [90] . A noticeable improvement is observed for the computed mean turbulent kinetic energy as the number of computational elements is increased. Overall, the 1.8 and 3.6 million of elements grids exhibit comparable results, whereas the 0.9 million of elements grid is not capable of reproducing the fluctuations in the mean turbulent kinetic energy along the radial axis, especially in the downstream region. For this reason, the 1.8 million of elements grid is employed for the reactive simulation: the respective average cell size in the flame region (0.6 mm) is therefore comparable to the laminar flame thickness (0.81 mm).
Reactive flow
The LES-CMC numerical framework used in this study has been comprehensively validated for flame A4 in a previous study [40] using experimental data of [78, 79] Note that the experimental OH-PLIF data shown in the top row of Fig. 8 is the correct average; Fig. 6 in reference [78] unfortunately has a mistake (Dr. Kariuki, private communication, Nov. 2015). The numerical configuration (schemes, time-step, averaging procedure, etc.) between both simulations is identical in order to avoid undesired side effects.
Overall, both computations reproduce the M-shaped flame observed experimentally caused by the OH penetrating the recirculation zone, as discussed in detail in [40] . The major differences between the two computations are the slight 22 flame height under prediction by the unity Lewis number formulation and the underestimation of the OH mass fraction inside the recirculation zone by the full transport CMC. Some differences in the H2 distribution inside the recirculation zone are also evident. Nevertheless, the mean OH, H2 and CH2O distributions between both simulations is qualitatively comparable, suggesting that to a certain extent for large Karlovitz numbers (here from 1 to 10 [78] ) the influence of differential diffusion is not substantial.
As earlier anticipated, the reason of this behaviour is attributed to turbulence: in the conventional physical space transport, the turbulent diffusivity dominates the molecular one, thereby reducing the budget of the differential diffusion contribution, as discussed in the context of Fig. 1 and Fig. 2 . On the other hand, the same effect is obtained in CMC with turbulence causing a reduction of the conditional scalar dissipation rate (CSDR). As the CSDR decreases, the respective conditional diffusion of c (CD) also reduces, diminishing the importance of preferential transport. This is fully consistent to what observed in Fig. 2 when an artificial turbulent diffusivity was superimposed to the laminar one. Interestingly, at the anchoring location P1 where the flame brush is still relatively thin, both the CSDR and the CD are closer to the laminar solution so that the differential diffusion contribution becomes more important. Differently, at locations in the flame brush P2 and P3, turbulence broadens the flame front decreasing the CSDR and accordingly the importance of preferential transport.
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Conclusions
The finite volume LES-CMC numerical framework for premixed combustion developed in a previous study [ 
